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Abstrat. We study spetra of nonommutative dynamial systems, representations of fratal groups, and
regular graphs. We expliitly ompute these spetra for ve examples of groups ating on rooted
trees, and in three ases obtain totally disonneted sets.
Spetres de systèmes dynamiques non-ommutatifs et de graphes
assoiés à des groupes fratals
Résumé. Nous étudions les spetres de systèmes dynamiques non ommutatifs, de représentations de groupes
fratals, et de graphes réguliers. Nous alulons es spetres pour inq exemples de groupes agissant
sur des arbres enrainés, et dans trois as obtenons des ensembles omplètement déonnetés.
Version française abrégée
Le but de ette note est d'étudier le spetre de systèmes dynamiques non ommutatifs, i.e. de systèmes
engendrés par plusieurs transformations qui ne ommutent pas néessairement. Elle résume les résultats
de [1℄.
Soit G un groupe engendré par un ensemble symétrique ni S. Un système dynamique, noté (S,X, µ), est
une ation de G sur un espae mesuré X préservant la lasse [µ] de la mesure µ de X . Il induit naturellement
une représentation unitaire π de G dans L2(X,µ) donnée par (π(g)f)(x) =
√
g(x)f(g−1x), où g(x) est la
dérivée de Radon-Nikodým dgµ(x)/dµ(x). Le spetre de (S,X, µ) est le spetre de l'opérateur de type Heke
Hπ =
1
|S|
∑
s∈S
π(s) ∈ B(L2(X,µ)).
Plus généralement, le spetre d'une représentation unitaire π : G→ U(H) d'un groupe ave système généra-
teur xé est le spetre de l'opérateur Hπ omme i-dessus.
On onsidère, pour inq exemples de groupes donnés par leur ation sur un arbre régulier enrainé T , leur
représentation π dans L2(∂T , µ) où µ est la mesure de Bernoulli uniforme. Cette représentation s'approxime
par les représentations πn sur les sommets à distane n de la raine de T .
Nous montrons que π se déompose en une somme de représentations πn ⊖ πn−1 de dimensions nies, et
spec(π) =
⋃
n≥0 spec(πn).
Hπ a un spetre purement pontuel et son rayon spetral est une valeur propre. On peut dérire ex-
pliitement es spetres omme suit. Pour λ ∈ R, soit J(λ) l'ensemble de Julia du polynme quadratique
z 7→ z2 − λ : J(λ) =
{√
λ±
√
λ±√λ±√. . .}.
Note présentée par Jean-Pierre Serre
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Groupe Spetre de Hπ Desription
G [− 12 , 0] ∪ [ 12 , 1] deux intervalles
G˜ [0, 1] intervalle positif
Γ {1, 14} ∪ 14 (1 ± J(6))} union d'un ensemble de Cantor de
mesure nulle et de points isolés
Γ {1,− 12 , 14} ∪ 14
(
1±
√
9
2 ± 2J(4516 )
)
ensemble de Cantor de mesure nulle
Γ identique à Γ
Ces aluls impliquent l'existene de graphes à roissane polynomiale, qui sont les graphes de Shreier
de groupes de roissane intermédiaire, et dont le spetre de l'opérateur de Markov est un quelonque des
ensembles i-dessus. Un résultat analogue est vrai pour les systèmes dynamiques.
1. Introdution
The purpose of this note is the study of spetra of nonommutative dynamial systems (that is, systems
generated by several transformations that do not neessarily ommute). We produe several examples of
omputations of suh spetra with an interesting topologial struture. More details appear in [1℄.
In the lassial ase dened by a single aperiodi measure-preserving transformation T : X → X , the
spetrum of the orresponding operator
1
2 (U +U
−1), with U ∈ U(L2(X)), is [−1, 1] by Rohlin's Lemma, but
in the nonommutative ase the spetrum may have gaps, and even be a Cantor set.
We also study spetra of innite regular graphs and produe the rst example of a regular graph whose
spetrum is a Cantor set.
Our dynamial systems (with assoiated Heke operator) arise from ations of fratal groups on the
boundary of the regular rooted tree on whih they at. The graphs (with assoiated Markov operator)
whose spetra we onsider are the Shreier graphs of these groups over paraboli subgroups. In speial
ases, these graphs are substitutional graphs and have polynomial growth.
If the underlying group is amenable, then the spetrum of the the dynamial system oinides with the
spetrum of the orresponding graph.
The omputation of the above spetra is based on operator reursions that hold for fratal groups and
involves a 1-dimensional and 2-dimensional lassial dynamial system as an intermediate step. This leads
to the appearane of Julia sets of quadrati maps in the desription of the above spetra.
Both authors wish to thank heartily Pierre de la Harpe and Alain Valette for their numerous omments
and ontributions to this note.
2. Spetra of Dynamial Systems and Representations
Let G be a group nitely generated by a symmetri set S. A non-ommutative dynamial system, denoted
(S,X, µ), is an ation of a group G (generated by S) on a spae X and preserving the measure lass [µ] of
a measure µ on X .
Suh a dynamial system gives rise to a natural unitary representation π of G in L2(X,µ) given by
(π(g)f)(x) =
√
g(x)f(g−1x),
where g(x) = dgµ(x)/dµ(x) is the Radon-Nikodým derivative. The spetrum of the dynamial system
(S,X, µ) is the spetrum of the Heke type operator
Hπ =
1
|S|
∑
s∈S
π(s) ∈ B(L2(X,µ))
(this terminology omes from an analogy with Heke operators in number theory [13℄.) More generally, the
spetrum of a unitary representation π : G → U(H) of a group with a given nite set of generators is the
spetrum of the operator Hπ as above  see [10℄.
Denition. A graph is a pair G = (V,E) of sets (the verties and edges), a map α : E → V (the start of an
edge) and an involution · : E → E (the inversion). One denes then the end ω(e) of an edge by ω(e) = α(e).
The degree of a vertex is deg(v) = |{e ∈ E|α(e) = v}|. The graph is loally nite if deg(v) < ∞ for all
v ∈ V , and is regular if deg(v) is onstant over V . The graph is a tree if in every iruit (e1, e2, . . . , en)
of edges with ω(ei) = α(ei+1) (indies modulo n) there is a redution, i.e. an i with ei = ei+1. A graph
morphism is a pair of maps between the vertex and edge sets that ommute with α and ·.
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Let Σ = {1, . . . , d} be a nite set of ardinality d. The d-regular rooted tree Td is the graph with vertex set
Σ∗, edge set Σ∗ ×Σ×{±}, and maps α(σ, s,+) = σ, α(σ, s,−) = σs and (σ, s,+) = (σ, s,−). Its boundary
is ∂T = ΣN, the set of innite sequenes over Σ.
Suppose now that G ats by automorphisms on a rooted tree T . This ation extends to a ontinuous
ation on the boundary of the tree, whih is a ompat, totally disonneted spae. The uniform measure on
ΣN is the measure µ dened on the ylinders σΣN (for σ ∈ Σ∗) by µ(σΣ∗) = d−|σ|. It is G-invariant, and is
the unique invariant measure if G ats transitively on eah level Σn of the tree, or equivalently if (S,ΣN, µ)
is ergodi. Note that all other nondegenerate Bernoulli measures are quasi-invariant.
For eah n ∈ N, let πn be the unitary representation (of nite dimension dn) of G in ℓ2(Σn) indued by
the ation of G on the n-th level, and let π be the unitary representation of G in L2(ΣN, µ). Then πn is a
subrepresentation of πn+1 and of π, and the spetra of πn onverge to that of π:
spec(π) =
⋃
n∈N
spec(πn).
3. Spetra of Graphs
Let G be a loally nite graph. The Markov operator of G is the operator M on ℓ2(V ) given by
(Mf)(v) =
1
deg v
∑
e∈E:α(e)=v
f(ω(e)).
The operator M is the transition operator for the simple random walk on G.
The spetral properties of M are of great importane; for instane, a theorem of Kesten [11℄ (extended
by Dodziuk and others) laims that a graph G of bounded degree is amenable if and only if 1 ∈ spec(M).
(See more on amenability in Setion 5.)
Denition. Let G be a group nitely generated by a symmetri set S, and let H be any subgroup. The
Shreier graph of G with respet to H is the graph S(G,H, S) with vertex set G/H and edge set S ×G/H,
and maps α(s, gH) = gH and (s, gH) = (s−1, sgH). It has a natural base-point H.
In Subsetion 4.3 the graphs will be labelled. This is simply done by assigning to eah edge (s, gH) the
labeling s.
If H = 1, we obtain the usual Cayley graph of (G,S). Note that S(G,H, S) is an |S|-regular graph, but
its automorphism group does not neessarily at transitively on its verties. Indeed, basially any regular
graph is a Shreier graph [12, Theorem 5.4℄.
G ats by left-multipliation on G/H , the vertex set of S(G,H, S). The orresponding unitary represen-
tation in ℓ2(G/H) is the quasi-regular representation ρG/H .
Suppose now that G ats on a rooted tree Td. Fix the ray e = dd · · · ∈ ΣN. Let Pn be the stabilizer of
vertex at level n of this ray, and let P =
⋂
n∈N Pn be the stabilizer of the innite ray e (it is alled a paraboli
subgroup). We write Mn the Markov operator of S(G,Pn, S) and M the Markov operator of S(G,P, S);
they are the Heke type operators assoiated with the ation of G on Σn and ΣN.
4. Fratal Groups and Substitutional Graphs
Let G be a group ating on a tree T , and let H = ⋂s∈Σ StabG(s) be the rst level stabilizer. Restriting
the ation of H to eah subtree spanned by sΣ∗ gives an embedding
ψ : H → Aut(T )Σ.
Denition. The group G is fratal if ψ is a subdiret embedding of H in GΣ, i.e. if ψ(H) lies in GΣ and
its projetion on eah fator is onto.
Let now G be a group nitely generated by a symmetri set S, and let (X, x0) be a pointed spae on
whih G ats. The growth of X is the funtion γ : N → N given by
γ(n) = |{x ∈ X : x = s1 . . . snx0 for some si ∈ S}|.
X has polynomial growth if γ(n) ≤ nD for some large enough D, has exponential growth if γ(n) ≥ λn for
some small enough λ > 1, and has intermediate growth in the remaining ases. The growth of G is its growth
under its ation on itself by left multipliation.
We desribe now briey ve arhetypial examples of groups.
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4.1. The Groups G and G˜. The rst group was introdued by the seond author in 1980 [5℄; both groups
at on T2. Let a be the automorphism permuting the top two branhes of T2, and dene reursively b, c, d
by φ(b) = (a, c), φ(c) = (a, d) and φ(d) = (1, b). Let G be the group generated by {a, b, c, d}.
Dene also b˜, c˜, d˜ by φ(b˜) = (a, c˜), φ(c˜) = (1, d˜) and φ(d˜) = (1, b˜), and let G˜ be the group generated by
{a, b˜, c˜, d˜}. Clearly G˜ ontains G as the subgroup 〈a, b˜c˜, c˜d˜, d˜b˜〉.
4.2. GGS Groups. Let d be a prime number. Denote by a the automorphism of Td permuting ylially
the top d branhes. Fix a sequene ǫ = (ǫ1, . . . , ǫd−1) ∈ (Z/d)d−1. Dene reursively the automorphism tǫ
of Td, written tǫ = (aǫ1 , . . . , aǫd−1 , tǫ), by
tǫ(σ1σ2 . . . σn) =
{
σ1a
ǫσ1 (σ2 . . . σn) if 1 ≤ σ1 ≤ d− 1,
σ1tǫ(σ2 . . . σn) if σ1 = d.
Then Gǫ is the subgroup of Aut(Td) generated by {a, tǫ}. It is alled a GGS group [3℄.
The following results belong to folklore (see [6℄): Gǫ is an innite group if an only if ǫ 6= (0, . . . , 0). It is
a torsion group if and only if
∑
ǫi = 0. The only three innite GGS groups for d = 3 are as follows:
Let r be the automorphism of T3 dened reursively by φ(r) = (a, 1, r), and let Γ be the subgroup of
Aut(T3) generated by {a, r}. It was rst onsidered by Narain Gupta and Jaek Fabrykowski [4℄.
Dene s by φ(s) = (a, a, s), and let Γ be the subgroup of Aut(T3) generated by {a, s}.
Dene t by φ(t) = (a, a−1, t), and let Γ be the subgroup of Aut(T3) generated by {a, t}; it was rst studied
in the 80's by Narain Gupta and Said Sidki [8, 9℄.
Theorem 1. The groups G, G˜ and all innite GGS groups with d ≥ 3 have intermediate growth. The
Shreier graph S(G,P, S) orresponding to G = G, G˜ or any GGS group has polynomial growth.
In partiular, S(G, P, S) and S(G˜, P, S) have linear growth, while S(Γ, P, S), S(Γ, P, S) and S(Γ, P, S)
have polynomial growth of degree log2(3).
4.3. Substitutional Graphs. We give a self-ontained desription of the Shreier graphs S(G,P, S) for
the examples above, in the form of substitutional rules. In this subsetion, all graphs shall have a base point,
and shall be edge-labelled; graph embeddings must preserve the labelings.
Denition. A substitutional rule is a tuple (U,R1, . . . , Rn), where U is a nite d-regular edge-labelled graph,
alled the axiom, and eah Ri is a rule of the form Xi → Yi, where Xi and Yi are nite edge-labelled graphs.
The graphs Xi are required to have no ommon label. Furthermore, there is an inlusion, written ιi, of the
verties of Xi in the verties of Yi; the degree of ιi(x) is the same as the degree of x for all x ∈ V (Xi), and
all verties of Yi not in the image of ιi have degree d.
Given a substitutional rule, one sets G0 = U and onstruts iteratively Gn+1 from Gn by listing all
embeddings of all Xi in Gn (noting that they are disjoint), and replaing them by the orresponding Yi. If
the base point ∗ of Gn is in a graph Xi, the base point of Gn+1 will be ιi(∗).
Note that this expansion operation preserves the degree, so Gn is a d-regular nite graph for all n. We
are interested in xed points of this iterative proess, or equivalently in a onverging sequene of balls of
inreasing radius in the Gn, and all a limit graph (whih exists by [7℄) a substitutional graph.
Theorem 2. For the ve examples G desribed above, the Shreier graphs S(G,P, S) are substitutional
graphs.
As an illustration, here is the substitutional rule for the group Γ:
a
a a
ρ σ
τ
✲
a
a a
2ρ
1ρ
0ρ
a
a a
1σ
0σ
2σ
a
a a
0τ
2τ
1τ
s
s
s
axiom
a
a a
2
s
1
s
0
s
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5. Amenability and Spetra
Let G be a group ating on a set X . This ation is amenable in the sense of von Neumann [14℄ if there
exists a nitely additive measure µ on X , invariant under the ation of G, with µ(X) = 1.
A group G is amenable if its ation on itself by left-multipliation is amenable.
We now state the main onnetion between the spetra of our representations and dynamial systems.
Reall π is the representation of G on L2(ΣN) and πn is the representation of G on L
2(Σn). Sine πn ontains
πn−1 we write πn = πn−1 ⊕ π⊥n .
Theorem 3. Let G be a group ating on a regular rooted tree, with π, πn and π
⊥
n be as above.
1. π is a reduible representation of innite dimension but splits as π0⊕
⊕
n≥1 π
⊥
n , so all of its irreduible
omponents are nite-dimensional. Moreover spec(π) =
⋃
n≥0 spec(πn).
However, if G is weak branh (see [2℄), then ρG/P is irreduible.
2. The representations πn and ρG/Pn are equivalent, so their spetra oinide. The spetrum of ρG/P is
ontained in ∪n≥0 spec(πn), and therefore is ontained in the spetrum of π.
If moreover either P or G/P are amenable, these spetra oinide, and if P is amenable, they are
ontained in the spetrum of ρG.
3. Hπ has a pure-point spetrum, and its spetral radius r(Hπ) = s ∈ R is an eigenvalue, while the spetral
radius r(HρG/P ) is not an eigenvalue of HρG/P . Therefore HρG/P and Hπ are dierent operators having
the same spetrum.
6. Results on Spetra
Sine all the groups onsidered have intermediate growth, they are amenable and spec ρG/P = specπ. We
now desribe expliitly these spetra. For λ ∈ R let J(λ) be the Julia set of the quadrati map z 7→ z2 − λ:
J(λ) =


√
λ±
√
λ±
√
λ±√. . .

.
Group Spetrum of M Desription
G [− 12 , 0] ∪ [ 12 , 1] two intervals
G˜ [0, 1] nonnegative interval
Γ {1, 14} ∪ 14 (1± J(6))} union of Cantor set of null Lebesgue
measure and set of isolated points
Γ {1,− 12 , 14} ∪ 14
(
1±
√
9
2 ± 2J(4516 )
)
Cantor set of null Lebesgue measure
Γ same as for Γ
These omputations imply the following results:
Theorem 4. 1. There are onneted 4-regular graphs of polynomial growth, whih is are the Shreier
graphs of groups of intermediate growth, and whose Markov operator's spetrum is any of the above
sets.
2. There are nonommutative dynamial systems generated by 3 (in the ase of G), 4 (in the ase of G˜)
or 2 transformations, whose spetrum is any of the above sets.
These spetra are all omputed using the same tehnique: onsider the representation πn of dimension
dn, given by dn × dn-permutation matries πn(s), for all s ∈ S. These matries satisfy blok identities, for
instane for the group G
πn(a) =
[
0 1dn−1
1dn−1 0
]
, πn(b) =
[
πn−1(a) 0
0 πn−1(c)
]
,
πn(c) =
[
πn−1(a) 0
0 πn−1(d)
]
, πn(d) =
[
1dn−1 0
0 πn−1(b)
]
.
Note that for our ve examples πn(s) is expressed by bloks of the form 0, 1 and πn−1(s
′).
Dene now the polynomial Q : CS+1 → C by
Qn({Xs}, λ) = det
(∑
s∈S
Xsπn(s)− λ
)
.
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The spetrum of πn is {λ ∈ C|Qn( 1|S| , . . . , 1|S| , λ) = 0}. Using the above blok identities, it is possible to
express Qn as rational expression over Qn−1, and therefore to ompute indutively Qn and the spetrum of
πn. For the group G, for instane, we have for n ≥ 2, setting α = Xa and β = Xb = Xc = Xd,
Qn(α, β, λ) = (3β
2 + 2λβ − λ2)2n−2Qn−1
(
2α2
2β2λ− λ2 , λ− β +
(λ− β)α2
3β2 + 2βλ− λ2
)
.
In all our ases the polynomials Qn an be expliitly omputed; again for the group G, we have the
Lemma 1. Dene
Φ0 = α+ 3β − λ, Φ1 = −α+ 3β − λ,
Φ2 = −α2 − 3β2 − 2βλ+ λ2, Φn = Φ2n−1 − 2(2α)2
n−2
for n ≥ 3.
Then for all n ∈ N we have Qn(α, β, λ) = Φ0Φ1 · · ·Φn.
We show below the set of vanishing points of Q6(Xa = Xa−1 = α,Xr = Xr−1 = 1, λ) for the group Γ,
and the Shreier graph S(Γ, P6, {a±1, r±1).
λ
α
-2
-1
0
1
2
3
4
-2 -1 1 2
On montre i-dessus l'ensemble des points d'annulation de Q6(Xa = Xa−1 = α,Xr = Xr−1 = 1, λ) pour
le groupe Γ, et le graphe de Shreier S(Γ, P6, {a±1, r±1).
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